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The object of this paper is to show that every maximal planar graph is 
recognizable from its family of vertex-deleted subgraphs. 
PRELIMINARIES 
All graphs G = (V(G), E(G)) considered are finite and simple. The number 
of vertices and the number of edges of G are denoted by n(G) and m(G), 
respectively; n(G) is the order of G. If u E V(G), we denote by N(v) the set 
of neighbows of z’. that is the set of those vertices to which u is adjacent. A 
k-verfex is a vertex of valency k; we also write p(u) = k. A subgraph C[a, 61 
is said to be a chain from a to b if V(C[a, b]) = (a = uO, u, ,..., ut = b) and 
E(Cla, b 1) = ( ciui+ ,: i = 0. l,..., t - 1). The chain C[a, b] is also denoted by 
av,c2 ... L!,-, b. If C[a, b] is a chain, then we denote C[a, b] - b, C[a, b] - a 
and C[a, b] -a -b by C[u, b[ , C]u, b], and C]u, b[, respectively. 
Let G be a 2-connected planar graph which is embedded in the plane E 
and let r be a circuit of G. Then r partitions E - r into two open regions, 
the interior of r, Int (r), and the exterior of r, Ext(T), the unbounded region. 
The closure of Int(r), denoted by Int(r), is Int(T)Ur; Ext(T) is similarly 
defined. If r is a k-circuit (that is, a circuit on k vertices) such that 
Int(r) n G = 0 or Ext(T) n G = 0, then r is called a k-face. The planar 
graph G is maximal if all the faces of G are 3-faces, and outerplanar if it has 
a face containing all the vertices of G on its boundary. G is said to have a k- 
embedding (or a k-representation) (k > 4) if G can be embedded in the plane 
in such a way that all the faces of G except one are 3-faces, whereas the 
exceptional face is a k-face. A graph which is non-planar, but each of whose 
proper subgraphs is planar is called critical. 
We shall make repeated use of the following well-known results: 
THEOREM (Kuratowski [ 3 I). A graph G is non-planar if and only if it 
contains a subgruph homeomorphic either to K, or to K,.,. 
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THEOREM (Wagner, Harary/Tutte [3]). A graph G is non-planar if and 
only ifit contains a subgraph contractible either to K, or to K,.,. 
THEOREM (Chartrand/Harary [3]). If G is not K, -x then G is not 
outerplanar if and only if it contains a subgraph homeomorphic either to K, 
or to K,.,. 
THEOREM (Menger [3]). If G is a k-connected graph, then for any pair of 
vertices u and v of G, there are k vertex-disjoint chains from u to v. 
THEOREM (Chartrand et al. [2]). Zf G is a k-connected graph whose 
minimum valency a satisJes a > i(3k - l), then there exists a vertex v of G 
such that G - v is also k-connected. 
Let H be a graph homeomorphic to K, or to K,,, . We call a vertex of H a 
minor vertex of H if it has valency 2, and a major vertex otherwise. If a and 
b are major vertices, then the chain C[a, b] is called degenerate if it has no 
minor vertices, and non-degenerate otherwise. If H is homeomorphic to K, 
and the major vertices are labelled 1, 2, 3, 4, 5, we often say that H is K, and 
write H = K(l, 2, 3, 4, 5). If H is homeomorphic to K,*,, whose major 
vertices are labelled 1, 2, 3; a, b, c, we often say that H is K,,, and write 
H = K(l, 2, 3; a, b, c). We use a similar notation when H is homeomorphic 
either to K, or to K, 3. 
The reconstruction’ conjecture states that each graph of order at least 3 
can be determined uniquely, up to isomorphism, from its deck 5?(g) = 
(G,. := G - v: v E V(G)} of vertex-deleted subgraphs. The problems of 
reconstructing planar graphs, in general, and maximal planar graphs, in 
particular, are posed by Bondy and Hemminger in [ 11. These authors also 
point out when reconstructing some class of graphs, one is faced with two 
distinct problems : 
(i) that of recognizing the graph in question as belonging to the class, 
(ii) that of reconstructing the graph. 
The object of this paper is to show that maximal planar graphs are 
recognizable from their decks of vertex-deleted subgraphs. In the second 
paper, the second author proves further that maximal planar graphs are 
reconstructible. The proofs of some of the theorems in this paper are long, 
with many subcases, and therefore only short sketches of such proofs are 
given. Full details are available from the authors upon request. 
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MAIN THEOREM 
Every maximal planar graph is recognizable from its deck of verte.x- 
deleted subgraphs. 
To prove this result we consider separately the cases when the maximal 
planar graph G has minimum valency 3 and when this minimum valency is 
at least 4. 
THEOREM 1. If G is a graph which has at least two vertices of minimum 
valency 3 and whose order is at least I, then G is maximal planar if and 
on/y if (i) m(G) = 3n(G) - 6, and (ii) each G,. is planar. 
Proof: We shall only give a sketch of the proof. 
The necessity of the condition is obvious. To prove sufficiency, let G be a 
graph of order n, having 3n -~ 6 edges, and each of whose vertex-deleted 
subgraphs is planar. Let n’ be a 3-vertex. Then G,. is maximal planar. Let s. 
y. z be the neighbours of IV. Then since G,, is maximal planar, each of X, J’, 2 
has valancy at least 4 in G. Let L’ be a 3-vertex other than M’. Again, G,, is 
maximal planar, so that x, ~1, z induce a 3-circuit f in G,., and hence in G 
and in G,.. Moreover we can assume that r is not a face of G,,.. otherwise it 
follows immediately that G is maximal planar. We show that this assumption 
leads to a contradiction, so that in fact r must be a face of G,,.. 
Now. N(P) induces a 3-circuit r’. The first part of the proof consists in 
showing that r= r’. Otherwise, by choosing two vertices h, k such that 
k E r’ - f. k E Int(r), h E Ext(T), G,. would contain the graph 
K(h, k, ~$1; s, ~9, z ) of Fig. l(i), where here and throughout solid lines indicate 
edges and dashed lines joining a and b indicate possibly degenerate chains 
C[a, 61. Therefore any 3-vertex is adjacent to each one of s, ~‘,i. Having 
proved this we consider two cases. 
We assume first that G has at least three vertices U, I:, ~1’ of valency 3. We 
let p be any vertex not in the set (u, ~1. in, s. J*, 2 }: p exists since the order of 
G is at least 7. Since G, contains the graph K,,, = K(u, I‘. II’: x.J.. z). G,, is 
non-planar, giving the required contradiction. 
We finally consider the remaining case when G has exactly two vertices L’ 
and n’ of valency 3. Without loss of generality we assume that I’ lies in 
Ext(T) in G,,.. Since any other vertex in Ext(T) can only be adjacent to at 
most two of s. ~3, 2, G,,. would not be 3-connected if 1’ were not the only 
vertex of Ext(T). Thus, L’ is the only vertex of Ext(T), so that there are at 
least two vertices in Int(r) in G,,.. Thus, each of x,y and z is adjacent to at 
least one vertex in Int(r), so that each of x, ~7 and z has valency at least 4 in 
G,,.. Thus. G,,, has exactly one 3-vertex. namely, I’. 
We want to show that we can find a vertex q E V(G,,.) ~ (N(L,) U r). such 
that G,,. - q is still 3-connected. We construct a new graph G’ by taking two 
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FIGURE 2 
copies of G,,. - L’ labelled z. y. x ,... and z’. J”, x’,..., respectively, and joining x 
to x’, J to ~1’ and z to z’ by three independent edges, as in Fig. 2. 
We note that the minimum valency of 6 is at least 4 and that c’ is 3- 
connected. We now apply the theorem of Chartrand et al. to find a vertex q 
in G’ whose deletion results in a 3connected graph. By our construction of 
6. q cannot be any of x,~. z, x’,y’, z’. SO that q must lie in Int(T), as 
required. Clearly, G,,. - q is 3-connected. 
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Since in G,. we can find a vertex p E Int(r) -9) (#a), by applying 
Menger’s theorem to the 3connected graph G, - q, we see that there exist 
three vertex-disjoint chains C[p, x], C[p,y], C[ p, z]. Thus, G, contains the 
graph K(p, c, ~1; X, 4: z) of Fig. l(ii). This final contradiction completes the 
proof. I 
We now show that a maximal planar graph with a unique 3-vertex is 
recognizable. We shall need the following lemma: 
LEMMA 1. Let G be a graph with a unique 3-vertex c such that N(v) 
induces a 3-circuit. Then G cannot be critical. 
Proof Suppose that G is critical. Then G contains a spanning subgraph 
H which is homeomorphic either to K, or to K,,, . If H is K, , then I: must be 
minor with neighbours x and y (say) in H. But then .YJJ is an edge of G, so 
that G,. also contains H. If H is K,,, and v is minor in H, then the same 
argument applies. If v is major in H and one of the chains incident to ~1 is 
non-degenerate, then G,. contains K,*, . Thus G contains the subgraph of 
Fig. 3. Now p(u) > 4, by hypothesis, so that u must be adjacent to a fourth 
vertex z which must lie on a chain incident to 1~. since otherwise there exists 
t E C]u, i] for which G, contains a homeomorph of K,,,. But then either 
i 6? ( 1, 2, 3) so that G,. either contains a homeomorph of K, or a subgraph 
contractible to K,. or z E ( 1, 2, 3 1, (say z = 1) so that there exists a vertex f 
on C]u, Z] and G, contains a homeomorph of K,,,. Hence G cannot be 
critical. I 
THEOREM 2. If G is a maximal plarlar graph with a unique 3-vertex, 
then G is recognizable. 
ProoJ Since the valency sequence of G is recognizable, the uniqueness of 
the 3-valency is known. Since the number of edges is also known to be 
3n - 6. there remains to determine whether G is planar or not. We are given 
that each G,. is planar and would like to show that G is not critical. By 
FIGURE 3 
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virtue of Lemma 1, it is sufficient to show that we can recognize the fact that 
N(z)) induces a 3-circuit. 
Let Y(G) denote the number of K,‘s in G. Y(G) is known from Kelly’s 
lemma (see [ 1 I). The number of K,‘s in G which contain u is Y(G) - Y(G,), 
and is hence known. Moreover, Y(G) - Y(G,) = 1 or 0 depending on 
whether N(v) induces or does not induce a 3-circuit. Thus G is maximal 
planar if and only if Y(G) - !P(G,) = 1, which in fact is recognizable. The 
proof is thus complete. 1 
From Theorems 1 and 2 and the fact that all graphs of order at most 9 are 
reconstructible (see [ 1 I), we deduce the following result: 
THEOREM 3. If G is a maximal planar graph whose minimum valencv is 
3, then G is recognizable. 
We now turn to the case when G is maximal planar and has minimum 
valency at least 4. 
THEOREM 4. Let G be a 3-connected graph with minimum va1enc.v at 
least 4. Then G is maximal planar if and only if each G,, has a p(v)- 
representation. 
ProoJ: The necessity of the condition is obvious. To prove sufficiency, 
we let G be a 3-connected graph of minimum valency at least 4 each of 
whose vertex-deleted subgraphs G,. has a p(v)-representation. By the theorem 
of Chartrand et al. there exists a vertex v such that G, is 3-connected and 
hence uniquely representable in the sphere, by Whitney’s theorem [4]. 
If L’ is adjacent to all the vertices on the p(v)-face of G,, then there is 
nothing to prove. We shall therefore assume that v is adjacent to a vertex w 
not on the p(u)-face of G,.. Therefore w is bounded solely by triangles in G,,. 
The aim of the following is to show that this assumption made on u leads to 
a contradiction. 
Let N(w) = (w,, w2, w3 ,..., w,) be the neighbours of w in G,,. Thus, the 
subgraph of G induced by N(w) is Hamiltonian. 
We shall first show that v must be adjacent to some vertex which is not a 
neighbour of w. Assume that v is adjacent only to neighbours of w (apart 
from )Y itself). Then, since p(v) > 4 in G, there must be at least three vertices 
u’;, MJ~, wk adjacent to v. Therefore the non-planar graph of Fig. 4(i) is a 
subgraph of G. and hence spans G. But then p(w) = r + 1 in G, so that G, is 
a graph on r + 1 vertices and which has an (r + I)-representation. Thus, G,,, 
is outerplanar. But this is impossible, since G, contains a subgraph 
homeomorphic to K, = K(wi, wi, wk, u), We must therefore have that v is 
adjacent to some vertex t not in N(w). 
Now, G,. is 3-connected, so that there exist three vertex-disjoint chains 
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from t to iv. We deduce that there exist three vertex-disjoint chains C(t, wi], 
Cjr, wj(, and C[r, ~‘~1 in G,.. 
NOW we have to show that in each of the two cases, r = 3 and r >, 4, a 
contradiction is obtained. We only give the proof for r > 4. The nature of the 
proof for r = 3 is similar. 
Thus assume that r is at feast 4. In this case, referring to Fig. 4(i), at least 
one of Cl us,. ~‘~1, {x.J~/ c (i,j, k}, is non-degenerate. We assume that 
CI~V,. ~‘~1 is nondegenerate, and we let p 6 C]w,, wk[. 
If 1: is adjacent to a vertex on either C]wi, w,~I, C]MI~, M;] or Cit. wj], then 
G, has a subgraph contractible to K(MJ~, c‘, M’~ ; w, t, u\). Moreover, u cannot 
be adjacent to any vertex of C ]p, wi] or C] p, ku,.; otherwise, G,.j would 
contain a subgraph contractible to K(z), usi, ~1~ ;p, t, ~1). We conclude that 11 
can only be adjacent to vertices in C]t, wi] or C]t, ,v,], apart from t and M’. 
Furthermore, L’ cannot be adjacent to two vertices both from C 11, MJ~ 1or both 
from CIr. ~‘~1; otherwise, assuming that LJ is adjacent to vertices s and q on 
Cit. ~‘~1, say (see Fig. 4(ii)), then G, would contain K(w, uji, u’~;P, U, M:!). 
Thus. L’ must be adjacent to a vertex q on Clt, wi] and to a vertex s on 
C It, uSk 1. But then G, contains K( w. H-~, wk ; p. u, ~1~). 1 
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